We consider composability of quantum channels from a limited amount of entanglement via local operations and classical communication (LOCC). We show that any k-partially entanglement breaking channel can be composed from an entangled state with Schmidt number of k via oneway LOCC. From the entanglement assisted construction we can reach an alternative definition of partially entanglement breaking channels.
Quantum entanglement is considered to be a resource of quantum information processing. In measurementbased one-way quantum computation any unitary-gate operation can be implemented by sequentially performing local measurements based on classical communication of measurement outcomes once a large entangled state is shared between the nodes [1] [2] [3] . An outstanding example is a quantum teleportation gate that transmits the state of an input node to a possibly remote output node by consumption of a maximally entangled state. It establishes an identity quantum channel via local operations and classical communication (LOCC) with the help of non-local coherence due to entanglement. Beside such an LOCC implementation of unitary gates, an interesting research direction would be to identify the role of entanglement for non-unitary quantum gates or channels. It is always possible to simulate non-unitary gates by deliberately inducing errors on unitary gates. In turn, a direct construction of non-unitary gates naturally addresses the possibility to save the consumption of entangled resources.
An important class of non-unitary quantum gates in entanglement study is the class of entanglement breaking (EB) channels [4] . Any EB channel has a measureand-prepare form and can be decomposed into a local measurement and local state preparation based on the classical communication of the measurement outcome. Hence, the class of EB channels constitutes the class of non-unitary gates that can be implemented without entanglement. As a generalization of EB channels, partially entanglement breaking (PEB) channels have been introduced in Ref. [5] (See also [6] ). The notion of PEB channels gives a classification of whole quantum channels based on Schmidt number of entanglement [7] . Schmidt number of k = 1 identifies the class of separable states, and the corresponding class of EB channels (1-PEB channels) can be composed solely by LOCC. On the contrary, one has to consume an entangled resource in order to construct a PEB channel of Schmidt class k (a k-PEB channel) for k ≥ 2. It might be fascinating if the class of k-PEB channels constitutes the class of non-unitary gates that can be implemented by entanglement assisted LOCC protocols from entangled resources of Schmidt number k. However, the original definition of PEB channels is based on Schmidt number of channel's isomorphic quantum states given by Choi-Jamiolkowski (CJ) correspondence, and has not been connected to the LOCC implementation of quantum channels.
In the context of quantum benchmark problems [8] [9] [10] , the performance of the quantum channels can be estimated by an amount of entanglement of CJ states. It can be related to the amount of entanglement generated by a single use of the channel. To continue the study of quantum benchmarks in quantitative regime [9, 10] it might be valuable to investigate the relation between this attainable amount of entanglement due to the channel action and the amount of the resource entanglement to compose the channel by using LOCC.
In this report we investigate how to implement nonunitary quantum channels via entanglement assisted LOCC. We show that any k-PEB channel can be constructed from a k-dimension maximally entangled state via LOCC. It gives an alternative definition of PEB channels. Throughout this report we assume quantum channels acting on d-level (qudit) quantum systems and k ≤ d.
We begin by giving a physical meaning of CJ correspondence. Suppose that Alice prepares a maximally entangled pairΦ AB and sends system B to Bob through a quantum channel E. Then, the final state shared between Alice and Bob J E = id A ⊗ E B (Φ AB ) is the CJ state isomorphic to the channel E. The amount of possibly shared entanglement J can be associated with the performance of the quantum channel E in generalization of the quantum benchmarks [9, 10] . In this sense, quantitative quantum benchmarks concern the obtainable amount of entanglement by a single use of the quantum channel E.
Let us consider another situation that Alice and Bob implement the quantum channel by an entanglement assisted LOCC protocol as in FIG. 1. Suppose that an entangled pair ψ AB is shared between Alice and Bob (Alice and Bob possess systems A and B, respectively). They try to compose a quantum channel E from the shared entanglement ψ via LOCC provided that an input density operator ρ is given at Alice's station and the output E(ρ) has to be made at Bob's station. If they can establish the channel, it is possible for them to share the entanglement J by transmitting a half of a maximally entangled pair locally prepared by Alice through the channel. In this procedure, they start from an initial entanglement FIG. 1: Alice and Bob compose a quantum channel E by using a shared entanglement ψAB with local operations and classical communications (LOCC). An input state ρ is given at Alice's side and the output state E (ρ) has to be prepared at Bob's side.
ψ and end up with the final entanglement J via LOCC. Due to the monotonicity of entanglement under LOCC, the amount of entanglement to compose the channel has to be no smaller than the amount of entanglement on the channel's isomorphic state J. We thus have a basic relation on the LOCC implementation of the quantum channel
where E is a measure of entanglement (entanglement monotone) [11] . Here, we may ask whether this inequality can be saturated. Could it be possible to construct the channel from the entangled resource specified by the isomorphic states? This is true for the case of unitary channels where J is a maximally entangled state and a local unitary action after the quantum teleportation process enables us to implement any unitary channel from a maximally entangled state via LOCC. This is also true for the case of EB channels [4] where J is separable and the channel can be implemented without entanglement. However, in general, it seems difficult to know how to compose non-unitary channels and to address the relation between E(ψ) and E(J) beyond the general inequality of Eq. (1) . In what follows we consider Schmidt number [7] as a measure of entanglement and show that the inequality of Eq. (1) can be saturated by composing a one-way LOCC protocol.
Before to start, it might be worth to note that an inverse map of the CJ correspondence is given by 12, 13] . In this representation, the input state is transposed, and it could not give us the physical implementation of the channel. Nevertheless, an entanglement cost for quantum channels is defined through an amount of entanglement to generate a type of CJ state for tensor product of the channel E ⊗n in Ref. [14] . Note also that there have been extensive works to quantify the amount of entanglement for an implementation of global unitary operation [15, 16] .
Schmidt number of a bipartite density operator σ can be defined as [7] SN(σ) := min {pi,ϕi}
where {p i , ϕ i } is a decomposition of σ = i p iφi and Schmidt rank of a pure stateφ is the rank of its marginal density operator, i.e., SR(φ) = rank[Tr B (φ)]. Schmidt number of a quantum channel E [5, 6] is defined by Schmidt number of its CJ state: SN(E) := SN(J E ). We call a quantum channel E is k-partially entanglement breaking (k-PEB) if SN(E) ≤ k [5] . Let us consider the Kraus representation E(ρ) = α K α ρK † α where the set of Kraus operators {K α } fulfills the closure relation α K † α K α = I. Then, from Eq. (2) Schmidt number of the quantum channel can be associated with the rank of the Kraus operators as
Therefore, if SN(E) = k, there exists a Kraus representation with rank(K α ) ≤ k for all α. It might be instructive to define the set of k-PEB channels O k as follows
Note that this definition includes no explicit optimization process. We can write
From the definition of Eq. (4) we can see the "⇒" direction holds. Conversely, the existence of a representation {K α } with rank(K α ) ≤ k directly implies that the "⇐" direction is fulfilled. By using Eq. (4) the set of EB channels is given by O 1 and the set of whole quantum channels for qudit states is denoted by O d . We can observe the hierarchy for the classes of non-unitary channels
Unitary channels have Schmidt number of d and belong to O d . They can preserve entanglement and maintain full-d-dimensional coherence. This is in sharp contrast to the class of EB channels which cannot maintain any coherence as they cannot preserve any entanglement. Hence, a higher value of Schmidt number k suggests the capability of maintaining a higher order coherence. Based on this concept Schmidt-number benchmark enables us to demonstrate the multi-dimensional coherence in quantum channels [10] . Now, we proceed our main result to construct PEB channels by an entanglement assisted LOCC protocol. Theorem.-Any quantum channel SN(E) ≤ k can be constructed by an entanglement assisted one-way LOCC protocol from an entangled state ψ with SN(ψ) = k. Proof.-Let us suppose E ∈ O k . Let {K α } be a set of Kraus operators of E with rank(K α ) ≤ k for any α. For any given Kraus representation one can associate an environment system prepared in a certain initial state |e E and a global unitary operator U so that K α = α| U |e holds due to Stinespring dilution, namely, there is a decomposition with the environment and global i. Schmidt number of CJ state is no larger than k.
ii. There exists a Kraus representation where the maximum rank of the Kraus operators is no larger than k. iii. The channel can be constructed by an entanglement assisted LOCC from an entangled state with Schmidt number k. (5)] when we concern the Kraus representation [5] . Our Theorem of an entanglement assisted LOCC construction leads to ii ⇒ iii. The LOCC monotonicity leads to iii ⇒ i (See main text).
where {|α } forms a positive operator valued measure (POVM) on system E and fulfills α |α α| = I E . Then, it is possible for Alice to implement the channel action locally by preparing ancilla system with |e e| and subsequent application of U and the POVM {|α }. In this scenario, Alice can conceive which one of the Kraus operators K α is applied from the measurement outcome of α. Since rank(K α ) ≤ k, Alice can also conceive which one of k-dimensional subspaces the conditional state belongs to. Hence, the channel output can be transported to Bob's side faithfully by an ideal quantum teleportation of the state in the k-dimensional subspace. This can be executed by using a maximally entangled state with Schmidt number of k. Therefore, Alice and Bob can simulate the single action of any quantum channel with SN(E) ≤ k by an entanglement assisted oneway LOCC protocol from an entangled state of Schmidt class k.
Note that Alice and Bob can save some amount of entanglement by locally acting the channel on Alice's station. Actually, Alice deliberately induces a decoherence by performing the POVM, and from the outcome α she can see that a full d-dimensional entanglement is not necessary. An important point is that the rank of Kraus operators determines the amount of entanglement to implement the channel. From the construction we can say that the equality in Eq. (1) is achieved for the case of Schmidt number. This implies that the amount of entanglement to implement a k-PEB channel is equivalent to the amount of entanglement of its CJ state as long as Schmidt number is concerned.
We can immediately prove the converse statement of Theorem: Any quantum channel composed from an entangled state of Schmidt number k via LOCC has a Kraus representation in which the maximal rank of the Kraus operators is at most k. This statement is a direct result of Eq. (1). We can write a formal proof as follows.
Proof-If it is not the case, Schmidt number of the CJ state becomes more than k. This contradicts the LOCC monotonicity of entanglement.
Finally, we can identify the class of k-PEB channels via entanglement assisted LOCC protocols: k-PEB channels are quantum channels which can be constructed from an entanglement state of Schmidt class k via LOCC. We can observe the validity of this novel definition through a simple closed chain between three equivalent definitions in Table I Table I (iii)] is in a more abstract manner based on a limited amount of entanglement and LOCC. Thereby, we can enjoy three of fundamental aspects on quantum channels to define the class of PEB channels.
In conclusion we have investigated composability of quantum channels from a limited amount of entanglement via entanglement assisted LOCC. It has been shown that the class of k-PEB channels can be constructed from entangled resources of Schmidt class k via LOCC (Theorem). This gives an alternative definition of PEB channels together with an establishment of a closed chain between different definitions (Table I) . We hope that the results offer a basic tool to analyze non-unitary quantum gates and play a key role to find out a general structure on quantum channels. This work was supported by GCOE Program "The Next Generation of Physics, Spun from Universality and Emergence" from MEXT of Japan, and World-Leading Innovative R&D on Science and Technology (FIRST).
